In a recent paper Guo and Shu [GS] studied h − (P n ) and h
, where P is an irreducible polynomial in A. Shu obtained very useful formulas for these factors as products of character sums. We use these formulas to obtain upper bounds for these factors in the case of prime cyclotomic function fields, modifying the method of Feng [F] .
In the classical case there are certain matrices, called the Maillet matrix and Dem'yanenko matrix, whose determinants are very closely related to the first factor of the class number. We define some matrices analogous to those matrices, which are easy to define and easy to handle. Adopting the ideas of Wang [W] and Hazama [H] and using the formulas of Shu we can express h
as the determinants of those matrices. The matrices are useful to compute the class numbers in many cases. We use them to improve the lower bound of [GS, Theorem 3.1] .
In the final section we find all the possible polynomials M with h − (M ) = 1 when q is odd. The cases of h(M ) and h + (M ) are given in [KM] . [251] χ is called real if its restriction to F * q is trivial, and nonreal otherwise. For a polynomial N ∈ A we let N N (resp. M N ) be the set of all polynomials (resp. monic polynomials) in A with degree less than the degree of N and prime to N . Let φ(N ) = |N N |. It is known that (cf. [GS] )
where f χ is the conductor of χ. When M = P n , a power of an irreducible P , then the formulas can be written as
where
From the formulas (1) and (2), we see that
2. Upper bounds for prime cyclotomic function fields. In this section we follow the method of [F] to obtain upper bounds for h − (P ) and h
Proof. Let χ 0 be any generator of the group of characters of (A/P ) * . We write characters of (A/P ) * in the form χ = χ
otherwise,
The equality in the last line of above equation comes from the fact that there is no element in M whose order in (A/P ) * is q − 1. Hence
For h + we proceed as follows. As for h − , we have
which implies the result.
Determinant formulas for h
. In this section we let M = P n , e = nd the degree of M , and
For each polynomial A prime to M , define sgn(A) to be the leading coefficient of A and sgn M (A) = sgn(B), where B ≡ A mod M with deg B < e. Define δ(A) ∈ Z to be 1 if sgn M (A) = 1 and 0 otherwise. We denote by A an inverse of A modulo M . Define r × r matrix
and a (q − 2)r × (q − 2)r matrix
r } be the set of all the characters of (A/M ) * whose restriction to F * q is equal to ψ k . Let
From the orthogonality relation among characters we can see that Ω is a unitary matrix. Then we have
, where
On the other hand,
Therefore we have
This theorem gives an easy way of computing the relative class numbers. 
We will see from the Corollary to Theorem 4 below that the irreducible polynomials in the above examples are regular.
Example 3. Let q = 5 and M = T 2 + T + 1. Then
= 160, and h
Example 4. Let q = 3 and
For the prime dividing q − 1, we improve the lower bound for the -part of the relative class number given in [GS, Theorem 3 .1]. . Multiplying all these we conclude that det K is divisible by
, since there are
Remark. In the examples above
is the highest power of dividing h − (M ). It is interesting to know whether this fact is always true as is mentioned in [IS] . The second factor can be treated similarly. We keep the notations as before. For each polynomial A ∈ A, prime to M we define deg M (A) to be the degree of the polynomial B which is congruent to A modulo M with degree less than the degree of M . Define an r × r matrix
Let {χ 1 , . . . , χ r } be the set of all the real characters modulo M with χ 1 = id and let
A similar process to that for the first factor replacing Ω by Λ, h(AB ) by deg M (AB )h(AB ) will give
Proof. One can see easily that the matrix L is a (q + 1) × (q + 1) matrix such that its diagonal entries are 0 and all the other entries are 1. By elementary row and column operations we can see that det L = (−1). Since d(P ) = q, we get the result.
Example 5. Let q = 3 and P = T 3 − T + 1. Then with
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Remark. It is mentioned in [IS] that a computer program to calculate the class numbers of the subfields of k(P ) has been devised by R. D. Small. From Theorems 2 and 4 one can construct another program to calculate h Proof. Let P 1 , P 2 and P 3 be distinct irreducible polynomials of degree 1 dividing M . Let χ i be the quadratic character modulo P i and χ = χ 1 χ 2 χ 3 . Then χ is a nonreal character with conductor N = P 1 P 2 P 3 . Now consider
Polynomial
Each term in the sum is either 1 or −1 and there are |M N | = (q − 1) 2 terms, which is an even number. Thus A∈M N χ(A) is even and nonzero, and we get the result. (i) M = P , where P is an irreducible polynomial of degree 1.
(ii) q = 3 and M = P 1 P 2 , where P 1 and P 2 are distinct irreducible polynomials of degree 1.
Proof. From Proposition 5 we only have to consider the case M = P 1 P 2 with deg P 1 = deg P 2 = 1. When q = 3, one can compute easily from the formula (1) that h 
